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Generalization of (0, 4) Lacunary Interpolation by Quantic Spline
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Abstract: Problem statement: Spline functions are the best tool of polynomiasedi as the basic
means of approximation theory in nearly all arebsamerical analysis. Also in the problem of
interpolation by g-spline construction of splineistences, uniqueness and error bounds needed.
Approach: In this study, we generalized (0,4) lacunary intdgiion by quanta spline function.
Results: The results obtained, the existence uniquenesgodbounds for generalize (0, 4) lacunary
interpolation by qunatic splineConclusion: These generalize are preferable to interpolation by
quantic spline to the use (0,4).
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INTRODUCTION The lacunary interpolation problem, which we have
investigated in this study, consists in finding tihee
Spline functions are the best tool of polynomialsdegree spline S(x), interpolating data given on the
used as the basic means of approximation theory ifunction value and fourth order in the interval 1[0,
nearly all areas of numerical analysis. One usedlso, an extra initial condition is prescribed ¢ ffirst
polynomial for approximation because they can bederivative.
evaluated, differentiated and integrated easily and This study is organized as follows: First consider
finitely many steps using the basic arithmeticthe spline function of degree five is presentedclhi

operations of addition, subtraction, division andintérpolates the lacunary data (0,4). Some thegaeti
multiplication. Spline functions constitute a rélity results about existence, uniqueness and error Isonind

new subject in analysis. During the past twenthatth the spline function of degre_e five are introducer a
the theories of splines and experiences with thed also convergence analysis is studied. To demomstrat

. . . . the convergence of the prescribed lacunary spline
in numerical analysis have under gone a considerabl

degree of development. The following works deal tofuncnon,

various degree with the theory and application of MATERIALSAND METHODS
splines, (Ahlberget al., 1967). In addition to the

papers mentioned above dealing with Dbesipegyiptions of the method: We present for the first
interpolation or approximation by splines, therereve time according to our knowledge a five degree splin
also a few papers that deal with constructiveg 4) interpolation for one dimensional and given

properties of space of spline interpolatio syfficiently smooth function f(x) defined on i =,}]
(Kanthet al., 2006; Khan and Aziz, 2003; Siddiial., and:

2007). In this study we studied the generalizatién

one type of lacunary interpolation by quautic splin po x)=a,, i=1,2,...,mE 0,1,2,..., (1)
this type is (0,4) but in works (Varma, 1978;

Venturino, 1996) showed this type but not in gehera We have Hermite interpolation if for each i, the

Also in the future we can use the same idea fobqer j of derivatives in (1) from unbroken Sequeré

different lacunary interpolation that means we canggme of the sequences are broken, we have lacunary
generalities for different cases in the subjectednterpolation:

lacunary interpolation by spline.
We have Hermite interpolation if for each i, the
order j of derivatives in (1) from unbroken Sequent

some of the sequences are broken, we have lacunary
interpolation. Denote the uniform partition of i with knots:

A 0=X%X,< X,<..%X,=1
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X =i F(x ) =F(x,) ~hf'(x,) +%h2f"(xi) +?13h3f"'(xi) +
Where: 1 4 1 5
—h' " (x;) —=——=h™(8,,), x4 <8, <X
h= X11-Xi 24 (XI) 120 ( 1,|) X1 <O <X
i=01,.,n1 f(x,,) =f(x,) —hf'(x,) +£h2f"(xi) _}h:f'"(xi) +
We define the class of spline functi&f, where 1, @(x,) - sf (8,,).x, <8,, <X

S?, denotes the class of all splines of degree fivechvhi 24

belongs to €0,1] and n is the number of knots, as f(Xiwn) =f(x;) =(A-Dhf'(x;) +—==
follow:

. . A-1 A-1
Any element S, (x)0F2 if the following two %Wf@)(xiﬂ%h“f(“(XiF
conditions are satisfied:

O o) -

A-1)°
QD stoe, ) x, <0, < x4,

120
, 2 )
0 Se9neiod F(x,0) =F(x,) ~Mf (x,) +A—h2f"(xi) -
(ii) S,(x) is aploynomial of degree five i (2)
each[x ,x, 1i=0,1...~r 1 h3f @(x, )+ h* )(x, ) +
24
. . . : )\ h* ®)(8 <9, <
Construction of the spline function: If P(x) is a 120 (8,,).%; <8,; <X

polynomial of degree five on [0,1], then we have: FO(X, 1) =FOX,) + (A ~DhFO(8, ), % 10y <65 <X,
fO(x,,,) =F @x,) +Af O(8,,),x, <8, <x,,
P(x)=P(0)A (x)*+ PA)A (x)+ P(A (x)} ' B > iy

3 1 1
P'(0)AP' (DA, (X)+ PY A )A (x) ®) fi(x; ) =1'(x;) =hf"(x;) +§h2f “Ax;) -ghaf “x;) +
. SRTOE, )%, <8, <x
OA D[O,ly{o,— ]} , Where: 1 1 5)
2 f(&ﬂ)=FUJ—¢ﬁ%&)+Eh?(%xg+6h%“K&)+
1., (5)
A+ - (A + X + 7h £2(6g,), % <8 <Xy,
Aanzgjrl———@v+1&2+wv—$f—ua3+ o o “ .
2)\ (2)\_1) 4)\2+}\_2)X2+2)\2(2\_1) f (X|+)\) f (X ) )\hf (X )+ ? (69 )
— 1 -1 4 _ _ Xi <99,i<xi+)\
AAX)_EXQX?E?ZECTB(X +5Ax* ~101 - 3)X°)
. (A-3)X - (A- 3K + Main results: The existence and uniqueness theorem
A X) =—————[ (BN ~20A + 5)X - A (1A% - ) for spline function of degree five which interpaahe
20 -1 (-1 20\ + 5)¥ lacunary data (0, 4) are presented and examined.
M) == [XS_SAXH(%”&_S)XLJ Th 1 Exist d Uni i
O N T P TN ~ eorem 1. Existence an niqueness spline
Zh(2A = D@+ A =2)C+ 20 (2= 1x functions: Given arbitrary numbers fix 7(x:),
()= * X =BAX" + (A7 + A\ - )X - i=0,1,..,n-1;r =0, 4 and ¢}, f'(x,) there exists a
¢ 20 (2A - DA (4N - 1)x% unique splines, (x)O §% such that:
1 4
A (x) = e 1)(x5 —(A+2)x* + (22 +1)x3—)\x2)

S (x)=f(x)i=01,...n 1

" = (x = =
In the subsequent section we need the following S(” (%) "f (x',_”)’l 01 """ L= 0,
values: fC7[0,1] we have the following expansions:  Sn (%)= (0.5, (x,)= F"(x,)
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Proof: The proof depends on the following Convergence and error bounds: The error bound of

representation of ) for x, < x< x4, 1 =0,1,...n-1 we the spline function S(x) which is a solution of the
have: problem (6) is obtained for the uniform partitiorby
the following Lemma:

X‘hXi }+f(xi +)\)A1(X‘Xi ]Jr Lemma 1: Let us write B, =[S, (x )~ f'(x )|, then for

Sn(x)= f(x )Ao[
" f0C°[0,1], we have:

f(x.ﬂ)A[ - ]+hs >, )A( hX]+ 7)

maxB <
hs, (xﬂ)A{x ]+ ' (X0 JAg ( o ] (M;O;E?jzjlzmt iz\: 21)_ 3 (e o) (10)
On using Eq. 7 and the conditions: fori=1,2,...,n-1Where:
S, (0)= £0),, (W)= ') (8) w(f <5>;%j :max{\f(s)(x)—f(*")(y)\;\x—y\ s%}

We see that ) as given by (7) satisfies (2) and is Proof: From (8) we have:
five tic in [x, X+1], i = 0, 1,...,n-1. We also need to
show that whether it is possible to determine;\(;\_l)3(4;\_3)h($ O F f'(x_1)+
S, (x),i=1,2,...,n~ 2 uniquely. For this purpose we use 1
the fact that: 4A(A—1)(4A—5J @ -A-DH S (x ) f(x)+

NA-D@ -D($ 06, > 05, ) - 8- 1
12\ - A -3)=-Q-1f 12%- A- 3)f(x, )
Where: (20\* - 400+ 182+ B — 2)f(x *A°®

(127 - 20\ + 5)f (xﬂ )= (5A =) (X, 1)+

S, (%,)=S (x_)i=12,...,n-

S %)= lim, , +5,09 (5A = D)+ N A - X, )-
and: AN =274\ - 3)hf (X, )- A Q- 1()\ —5)
Si(x.)=lim_ -8 (x) (4N -4\ - 1)hf (% )-ANQa-1@A-1)

hf = A-1PAA%- A - 3RV P,
with the help of (7) and (8) reduced to: ) = ( A 0, )

1
—)\312A2—20\+5H’f<5> ——n-1°
120 ( ) 6, ) 120( )

A\ -1°(4\ - 3)hS (x, )+ A & - 1{ A—i} 1
2 (5\ - 3)KFF® (Gs,i)+@>\5(5\ - D@, )+

(4\° =4\ - DhS (¢ ¥ A° A - DA~ 1) . )
hS, (%, )=-0-1f Q2% - & - 3)f(x, » ©) SN O REOE, ) - A A -1)*hT O, )~
(200 - 40N+ 182+ B — 2)f (x W A°

i —1)3 — (5) _i 30\ — -
12220+ (5, )~ (- 3l > 24’ D I 0 DAY

(5A = 2)f(x|+)\)+ )\ A-17- )\3()\—1)2h4f(4)(xm) hsf(s)(es.)< ()\ 1)
1
5 4_ 3 2 _ (5). —
i = 1,2,...n-1. Equation 9 is a strictly tri-diagona OV *127- 187+ 127+ 2 I le[f ,n]\al‘sl
dominant system which has a unique solution. Thus
S (%),i=12,..,n- 2 can be obtained uniquely by the The result (10) follows on using the property of

system (9) which established Theorem 1. diagonal dominant.
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Lemma 2: Let f1CY[0,1] then:

(%, )= O %) <

(120\° - 220\° + 274%— 16K°+ I+ M- ¢ (11)
8\Z (N - 1)( ,j(mz 12+ 1)

W[f(s)'l)
'n

S<n5) (Xi+)\ )_ f(s)(xi )‘ <
6 _ 5 4 _ 3 2 —

(12Q\° - 220 + 274 166°+ M+ M- ¢ (12)

8\ (N - 1)( fj(mz 12+ 1)

W[f (5). 1)
'n

2 (x)= 9 (x ) <
(12007 - 400\° + 65R°— 678*+ 3W°- 8- A3+ (13)

8AZ (A - 1)[ 7) AA*-12+ 1)

W[f <5>-l)
"n

n (x|+)\)_f(3)(x|+)\) <

960\° - 3000° + 32357~ 1504 -

2420°+ 420 + 1287~ 4R+ MR+ h;""(f(s)'*l) (14)
160 ‘n

N (A= 1)( ](122\2 1A+ 1)

S(nZ) (Xi+>\ )_ f(Z)(Xi+)\) <
480\ - 1760.°+ 207R%— 308" - 1500+
1288\° - 376“ - 13R°+ 100°- ®- 6 h®

(15)

)\2()\—1)()\—%)(12)\2—12\+ 1) 240

W[f (5;1}
n

and

)~ (X)) S
57600\'° - 17286R° + 174798 -

267527 - 68324°+ 4686¢ — (16)
10530\* + 66K°%+ 4R%- I+ 6L3W[f<5)£}

A - 1)( 1) aaz-12+1) 20 :

Proof: From (7) we have:

55) 60(A - 1), 60 _
h°S (%)= a1 %) vaspaon %)
ORI (x,) +—0S, (x )+
(A -1*(2r - 1) )\(2\ 1)
60 ' ¢ §4)
(A_l)(m_l)hsn(m) 24(2 1)h (%)
Hence:
h*( (6.)- 19 (x.)) =
L hs ( )_M ﬁ (5)( )
A-1*(a-1120 Y pA-B(@- 120
300 rw £O/0, ) + 300 A (6, )
()\ H(2A-1120 - (@- 1120 ™
—h%f® _ 80 (s x)-f __ 60
U CI v ekl CTCPRLCY R v
‘ iy - 5(}\2_}\+1) (5).
(000 =1 0.) =t 195 (s, )

60

mh(i (%)= F1(%)) Ja,] <1

-fix)) +

By using (10), we get (11). The proofs of (12-16)

are similar and we only mention that:

5Q(5) 60(2}‘+1) $ -
h% (X )= 22 (2r-1) f(x)- 22 (A_l)z(Z\—l)f(Xi”\)
60(?\+ 3 f(Xi+1) o0 hS (X )+
(A -1?(2A - 1) ANA- 1)
60 £
m 31()&1) m)h F(%a)
5(5) 60(2}‘+1) —$ -
SO o ) T 1)2(2\ py )
60(2\ + 3)
T 1)f(xi)+)\(2\ 1)Sn(>ﬂ1)
60 ‘5
h3$y3)()§+)\)=
3-12° + 6\21 A= 3 () 3007+ 1B 13?(Xi+>\) .
2)\2()\_5) 2)\2()\—1)20\‘5)
MAZ300 20 B+ HEL BT G )
20270 ) 20-3)
SEOE D" Drg, )+ L= 8" o)
20 -1~ ) 480 -2)
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h?S? (X, )=

20-1)(M2- A+ 1)f(x_)+ 2(32- 3+ ]’P(x. -
A? ' A2\ -1)? A

2A(-4\2 + 10\ - 5)

Ao <1 , |A,(x)|<1 and |A,(x)|<1 on0<x<1

fO(x) =f (5)(D10,i) X; U sX

264+ 18- 5
(X)) ——————% (X)) + -
(A -1y ! (A -1y ) E = (315) (%, )- f(s)(X)) Ao(x hxi ] —
2A-D(2+1) 262+ 1), .
0D Dhs, 060+ Z 2 Thg 0, -
A\ =1 Ao(hi](s(ns) (Xi+)_f(5)(|:| 10,i)
M D s 9(x,.,)
12
. On using (2) andx - x| <h we obtain:
an
hS (x,, )= ‘E‘<(120\6_220‘5+ 27A° - 168°+ M+ M- ¢
i+A 1= 2
MO Ry 0818 g 8)\2()\—1)()\—%) @-12+19 g
A2\ -1) Yoap-np@a-no ™ L
2(_py2 _ _ , f(S);,
ACON +1R -5 5)f(Xi+1)+7Q\ DEa 2)nSn(Xi)+ W[ nj
20 -1)(2r - 1) 2(2 - 1)
MN(EA+DEA+T), AMQp+1) 2 Similarly:
h . i A 1 AR 64
220 -1) S (%) 82— 1) (%)
120" - 4000° + 65B8°— 678"+ 37—
Theorem 2: Let fOC’[0,1] and s, (x)0 §2 be a unique ‘E ‘< 9N+ A - 3
spline satisfying the conditions of Theorem 1, then o 8170\ _1)[)\ _;]2 A7 - 12+ 1) (20)
r = l —_
IS5 ()= 19 (x)| < kn Sw(f@),ﬂ, r=0,1,2,3.¢ W(f@;iJ
m
57600\'2 — 228540+ 3454A8°- 213502+ ) o X=X
_ 5 5 i —
32669° — 760387 + 244420 - 313247+ E, = (S (6.0)- 19 () Al( ; J‘
222507\ + 86628°+ 11508+ 33%6- 114 = x (21)
= 1 2 Al(i](S(nS)(Xi)\)_f(S)(DlO,i)
960\2()\—])2[)\—5) 122- 12+ 1) h
‘E ‘< (120\° - 220.° + 274" — 16B°+ M+ M- ¢
. -, 2| =
Proof: For Gxy<1, we obtain: A% () _1)[)\ _%] AR - 12+ 1) 2
Ady)tAL(Y)+A(Y) = 1 17) ( 1)
w f(5);
Let x<x<x;+;. On using (17) and (7), we obtain: "
Putting (19-22) in (18) we obtain:
5) (y)— £6) [y} = Q) _£06) X=X
()= 1200 = (87 (%)= 9 () Ao[ - J+ 1S9 00 900 <
—X; 360\" - 960\° + 1424° - 1270+
D (%)= 17 (0) A (X . ]+
SR AL (18)  |e08\*-1142- 19+ 9 o 1 (23)
> w(f®; =)
(2 (x)- F9()) AZ[X —hxi ] = BAZ(A —1)(2\ - ;) AAZ- 12 + 1)

E,+E,+E
e This proves Theorem 2 for r = 5. To prove
Theorem 2 for r = 4, sincg? (., )~ f*¥(x,,)=0:
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SP= 900 =] (P ()~ O W)t
On using (23) we obtain:

S ()= £ (x| <
[360’\7— 960\° + 1424°— 1270" +

606\° - 11A%- 19+ 9 (24)

sty e
A-DA-2|aA%-12+ 1)

This proves Theorem 2 for r
Theorem 2 for r = 3, since:

700~ 1900=[ (- 1O+ S (4 )~ 17(x,0)

On using (14) and (24) we obtain:

SHOREOE
960\° - 3000\° + 1043K" ~ 20704+ 28288-
25156\* + 11994° - 232°- 376+ 189

z ] (25)
1) AA*-12+ 1)

A2(A —1)[)\ -5

[f (5)-£J
'n

Which proves Theorem 2 for r
Theorem 2 for r = 2, since:

h2
—W
160

S,00- 100 = [ (SO~ 1)+ §, (6, ) 0x.0)

On using (15) and (25) we obtain:

S, ()= f1(x)| <
4800 - 5600'°— 2988+ 18810°-

48056\" + 75451° - 811AF+ 55783-
2163%° + 286K%- 942%- 286.5

3 (26)
MO0 —1)2[)\ —%} A22-12 + 1)

2)
n

Which proves Theorem 2 for r
Theorem 2 for r = 1, since:

h3

7W[f

240

2. To prove
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4. To prove

3. To prove

S.00-100=[ (& O~ 2 ©O)dt+ S (5, )~ 05,

On using (16) and (26) we obtain:

S, ()= (x| <
57600\ — 228540+ 345428°—
32668\° - 760387 + 244420 -
222507\* - 86628°+ 11508 -

1
2

213562
313247+
33%6- 114

(27)

)\2()\—1)2()\— j AAZ-12 + 1)
h3

— W f(5)-£
960 "n

This proves Theorem 2 for r 1. To prove
Theorem 2 for r = 0, sinc§, (.., )— f'(x,,)=0:

S, 00-f(0=] (S, () F (o)t

5,00~ 100} k uf 19:2)

5 0= skmeuf 12

This completes the proof of Theorem 2.
RESULTSAND DISCUSSION

Numerical results: The results obtained, the existence
uniqueness and error bounds for generalize (0,4)
lacunary interpolation by qunatic spline.

CONCLUSION

These generalize are prefer to interpolation by
quantic spline to the use (0,4).We also can useideia
to generalize for different lacunay type for exaenpl
(0,2),(0,3),...etc.
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